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, $\mathrm{c}_{\mathrm{a}}^{1}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{e}\mathrm{r}\mathrm{o}$ -Sutherland , ’\
1 :
Sutherland
$H_{\mathrm{S}}=-, \cdot\sum^{\gamma}\Lambda=1\frac{\partial^{2}}{\partial\theta_{j}^{2}}+.\frac{1}{2}.\cdot\sum_{J<k}\frac{\beta(/\mathit{3}-1)}{\sin^{2}[(\theta j-\theta k)/2]}$, (1)
Calogero
$H_{\mathrm{C}}=. \frac{1}{2}\sum_{j=1}^{\mathit{1}\mathrm{v}}(-\frac{\partial^{2}}{\partial x_{j}^{2}}.+x^{\mathit{2}},\cdot \mathrm{I}+,\cdot\sum_{<k}$
.
$\frac{/\mathit{3}(,\theta-1)}{(x_{j}-Xk)^{2}}.\cdot$ (2)
, Calogero Sutherland $[7, 8]$ .
Calogero , $\mathrm{S}\mathrm{u}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}$ , $\mathrm{r}\mathrm{R}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}$
Calogero-Sutherland $\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{d}\mathrm{e}\mathrm{l}\rfloor$ , $\mathrm{T}\mathrm{r}\mathrm{i}\mathrm{g}_{\mathrm{o}\mathrm{n}}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}_{\mathrm{C}}$ Calogero-Sutherland model
. ,
.
, $\mathrm{C}_{\ovalbox{\tt\small REJECT}}\{\mathrm{a}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{e}\mathrm{r}\mathrm{o}$ .
















, l\beta (\theta ) $=\exp(\mathrm{i}k\theta/h)$ ( ) .
, 1 , $k/h$ .
$\hat{P}\cdot\iota \mathit{1}^{)}(\theta)=k\uparrow \mathit{1}^{)}(\theta)$ , $\overline{H}\psi(\theta)=\frac{k^{2}}{2m}‘\iota \mathit{1}^{)}(\theta)$
. , $x=\exp(\mathrm{i}\theta/B)$ ,
$\hat{P}=x\frac{\mathrm{d}}{\mathrm{d}\mathrm{t}x}$ , $\overline{H}=.\frac{1}{2\gamma\gamma l}(x\frac{\mathrm{d}}{\mathrm{d}\prime x})^{2}$



















, $l\mathit{1}$. . , $\lambda=$




$=$ $(_{j1}^{\prime\backslash }. \sum_{=}^{\Gamma}\lambda./\cdot)x^{\lambda}$ $\Rightarrow$ $= \sum_{j=1}^{N}\lambda_{j}$
$\overline{H}\mathrm{t}x^{\lambda}$
$=$ $\frac{1}{2m}(_{j1}\sum_{=}^{\Lambda}\lambda jr2)x^{\lambda}$ $\Rightarrow$ $\wedge \text{ }\Xi\geq\grave{\pi}\backslash$ $=. \frac{1}{277l}(_{j=}^{\mathit{1}\backslash }.\sum_{1}^{r}\lambda^{2})j$
Boson , ,
$(.f_{\text{ }}..g)$ $=$ $. \oint..\dagger.(_{X_{1}^{-},x^{-},.,x}11..1)2\mathit{4}\mathrm{V}g(x_{1,2}X, \ldots, XN)\prod_{1j=}\frac{\mathrm{d}x}{2\pi \mathrm{i}x_{1}}N.’.\cdot$
$=$ $.f\cdot(x_{1}-1, x-1..x^{-}N)_{\mathit{9}}2’.,(1, XX_{1}2, \ldots, X\mathit{1}\backslash r)$
, $m_{\lambda}(x)$ (lIlonomial symmetric functions)
.
$\uparrow 7l_{\lambda}$ .
















, H\rightarrow \infty $\mathrm{H}arrow 0\text{ }$ .
, .
$a \dagger=\frac{1}{\sqrt{2}}(-\frac{\mathrm{d}}{\mathrm{d}x}+x\mathrm{I},$ $a= \frac{1}{\sqrt{2}}$
, ,
$H=. \frac{1}{2}(\subset-l\dagger a+aa\dagger \mathrm{I}=a\dagger_{a+\frac{1}{2}}$
. .
$[a, a^{\uparrow}]=1$ , $[H, a\dagger]$
.




, $a^{\uparrow}l\mathrm{h}H$ 1 , $a$ 1 .
$\uparrow\beta 0\propto\exp(-x^{2}/2)$ ( ) ,
. $a\psi_{0=}0$ . ,
, 1‘ $a\dagger$ .
$\epsilon=.\frac{1}{2}$ : $\psi \mathrm{o}(x)=\exp(-\frac{x^{2}}{2}.)$
$\epsilon=.‘\frac{3}{2}$ : $\uparrow l_{1}$) $(X)=a\dagger\psi_{0}(X)=.\dagger.1(_{X)\mathrm{t}}\mathit{1}J0(x\mathrm{I}$
$\epsilon=.\frac{5}{2}$ : $\psi_{2}(X\mathrm{I}=(a\dagger)\mathit{2}\psi 0(X)=.f_{2()\gamma}.X\ell 0(x)$
$\in=$
.
$\gamma l\dotplus\frac{1}{2}$ : $\iota\ell_{n}(x)=(a\dagger)n\uparrow f,)(\mathrm{o}x)=.fn(x)\psi_{0}(X)$
75
, $f_{n}(x)$ $n$ .
$f_{n}(x)$ .
$H \psi_{n}=(n+\frac{1}{2})?\mathit{1})n(x)$
$\Rightarrow$ $H(\cdot\psi_{J}\mathrm{o}(x).t_{n}.(x))=(\mathrm{r}\mathrm{v}$ $+ \frac{1}{2})(\psi \mathrm{o}(x).f\cdot\cdot n(x\mathrm{I})$
$\Rightarrow$ $( \cdot\psi_{0}^{-}1\circ H\mathrm{o}\psi_{0}).;7\iota=(n+\frac{1}{2}).\mathrm{r}_{\mathrm{y}\iota}$





. . ... .
$=$ $\underline{.\frac{1}{7}}(_{-\frac{\mathrm{d}^{2}}{\mathrm{d}x^{2}}+2}X^{\frac{\mathrm{d}}{\mathrm{d}x}+1)}$
, .$f_{Tl}(x\mathrm{I}$ ,
$( \frac{\mathrm{d}^{2}}{\mathrm{d}\iota \mathrm{t}^{2}}-2x^{\frac{\mathrm{c}1}{\mathrm{d}x}+}‘ 2rl\mathrm{I}\cdot t.n(x)=0$
. , ( ) Hermite . ,
$\psi_{0}(X)$ ,
$’ \psi^{-1\uparrow_{\mathrm{o}}}0\uparrow 0Of)\mathrm{u}=\frac{1}{\sqrt{2}}(-\frac{\mathrm{d}}{\mathrm{d}:\iota}$. $+x\mathrm{I}$ , $? \int_{\mathrm{U}}^{-1}’ \mathrm{o}a\mathrm{o}\mathrm{t}\mathit{1}J0=\frac{1}{\sqrt{2}}\frac{\mathrm{c}1}{\mathrm{c}1_{X}}$
, Herrnite .
, 1V . ’
$H$ $=$ $\sum_{j=1}^{N}\frac{1}{2}(-\frac{\partial^{2}}{\partial\prime\iota^{2}}.\cdot,.\cdot+x_{j}^{2}.\mathrm{I}$





$=$ ( $x_{1_{\ovalbox{\tt\small REJECT}}}.x_{2\mathrm{r}}\ldots$ . , j )\psi 0
$=$ ( $a_{1},$$a_{2’ 7\Lambda}\dagger.\mathfrak{s}\ldots\dagger\alpha$-, )\rightarrow 11)0
76






$|\lambda|\overline{m}_{\lambda}^{1}$ . $H$ $|\lambda|=\Sigma_{jJ}\lambda.\cdot$ (5)
$[H, \overline{m}_{\lambda}]$ $=-|\lambda|\overline{\uparrow n}_{\lambda}$ : $H$ $|\lambda|$
, , .
$\epsilon=\frac{\mathit{1}.\backslash r}{2}$ $.\psi_{)}0$ $=1$
$\epsilon=1+\frac{\mathit{1}\backslash T}{2}$
$\overline{7n}_{1}\cdot 1\dagger_{\beta 0}$ $=1$
$\epsilon=2+\frac{\mathit{1}\backslash r}{2}$






$\overline{m}_{4}\psi_{0}\dagger$ $\overline{m}_{31}\cdot\iota\beta_{0}\dagger$ $\overline{m}_{22}’\dagger\psi 0$ $\overline{m}_{211}^{1}\cdot\iota\beta_{0}$ $\overline{m}_{1111}^{1}\psi_{0}$ $=5$
1: N
, $\epsilon=n+l\mathrm{V}/2$ $n$ .
,
$(0|.\mathrm{f}(a1, a2, \ldots, aN)g(a1\dagger,\dagger a_{2}, \ldots, a_{\Lambda}\mathit{7})|\rangle\dagger \mathrm{o}$
$=$ $.\mathit{1}_{-\infty}^{\infty}\{.f$ $(a_{1} \dagger , a_{2}..a_{\mathit{1}\mathrm{V}}\dagger,.,\dagger)\mathrm{t}\mathit{1}_{0},)(x)\}\{g(a_{1}a,., a)2\Lambda\beta_{0}\mathrm{t},\dagger..\dagger_{r}|(X)\}\prod_{=j1}^{N}\mathrm{d}x_{J}$.
$N$
$=$ $\mathit{1}_{-\infty}^{\infty}’\psi \mathrm{o}(X)\{f(a_{1}, a_{2}, \ldots, a_{N})g(a_{1}a,., aN)2l1’ \mathrm{o}(X)\dagger,\dagger..\dagger\cdot\}\prod_{=1}\mathrm{d}x_{j}j$
, $\langle$ $0|a_{i}^{7n}(aj)^{n}\dagger|0)\propto\delta ij\delta mn$ , mono-








Sutherland , , “cord distance” 2 $\sin[|\theta_{j}-\theta_{k}|/2]$ 2
[7].
Ps $=$ $\sum_{j=1}^{N}\frac{1}{\mathrm{i}}\frac{\partial}{\partial\theta_{j}}$ ,
$\text{ \sqrt[\backslash ]{}$





$H_{\mathrm{S}}$ $= \sum_{j=1}^{\mathit{1}}\mathrm{V}(x_{j}\frac{\partial}{\partial x_{j}}\mathrm{I}2\sum_{j}-/\mathit{3}(\beta-1)<k\frac{2_{X_{j^{x_{k}}}}}{(x_{j}-x_{k})^{2}}$ .
. , $H_{\mathrm{S}}$ –
:
$H_{\mathrm{S}}= \sum_{j=1}^{N}b.’\dagger$. $b_{j}+E_{0}$ , $E_{0}= \frac{(d^{2}}{1^{-}2}N(N^{2}-1)$ ( )










:$J(x)\tau \mathit{1}^{(})(\mathrm{o}\mathrm{s}_{)x})$ ; $.J(x)$ $x_{1_{\ovalbox{\tt\small REJECT}}}\ldots$ .
$,$
$x_{N}$




$=$ $. \sum_{J^{=1}}^{N}(x_{j}\frac{\partial}{\partial x_{j}})^{2}+\beta\sum_{j<k}.\frac{x_{J}+x_{k}}{x_{J}\cdot-x_{k}}(x_{j^{\frac{\partial}{\partial x_{J}}-}}.xk^{\frac{\partial}{\partial x_{k}})}\cdot$ (6)
, $\overline{H}_{\mathrm{S}}$ $\text{ _{}\overline{H}_{\mathrm{S}}J}(X)=\epsilon J(x)$ , $J(x)$ $x_{1}$ , . . . , $X\wedge^{\gamma}$
.
Sutherland , lnonomial synnnmetric functions
$\gamma\eta_{\lambda}(X)$ , $\overline{H}_{\mathrm{S}^{\backslash }}$ $m_{\lambda}(x)$ . ,


















, $:_{domi\uparrow lar\iota ce}\cdot \mathit{0}\iota\cdot d\epsilon r$ ” ( )
$[9, 10]$ .
dominance order




, $|\lambda|\geq 6$ $\lambda$ .
, $\overline{H}_{\mathrm{S}^{\backslash }}$ $rrl_{\lambda}(X)$
.
, $<_{\mathrm{D}}$ :
$\lambda<_{\mathrm{D}}\mu$ $\Leftrightarrow$ $\lambda\neq\mu$ $\lambda\leq\mu$
, Jack .
Jack














, . , j $k,\cdot-k_{j+1}\geq(d$
. $\beta=0$ Boson, $/\mathit{3}=1$ ( ) $\mathrm{F}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{n}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ , $-$
$\beta$ . $/‘ \mathrm{g}_{\mathrm{o}\mathrm{n}^{\ovalbox{\tt\small REJECT}}}-$
,
, [4].















$(.f\cdot, g)_{\mathrm{S}}$ $=$ $. \oint..f\cdot(_{X_{1}^{-1}}, \ldots, x_{\wedge^{\gamma}}-1)g(X1, \ldots, X_{N})\cdot\iota\int)(0\mathit{1})(_{X}0^{\mathrm{S}}),\prod_{=1}(\mathrm{s})1().\cdot‘\frac{\mathrm{c}1x_{J}}{\mathit{2}\pi \mathrm{i}x_{/}}x^{-})\mathrm{t}\mathit{1}\backslash ^{r}.\cdot$ (8)
$=$ $.f(x_{1}^{-1}, \ldots, x^{-}\mathrm{r})\mathit{1}\backslash g1(x_{1,..,,N}X)\cdot \mathrm{t}\mathit{1}^{(})(0x)\mathrm{s})-1,\psi 0’((\mathrm{S})x)$
. , $\overline{H}_{\mathrm{S}}$ .\acute .
Jack
. .\acute . ,
.
$p_{n}= \sum_{J}x_{j}^{n}$ (power-sum sylnmetric functions) ,
$\langle p_{\gamma\}\mathrm{L}},p_{n})_{\mathrm{s}=}\gamma\gamma \mathrm{t}\beta^{-1}\delta_{m}.n$
. $\lambda=(\lambda_{1\mathit{1}}.\lambda_{\mathit{2},}\ldots.)$ .\acute $p_{\lambda}=p_{\lambda_{1}}p_{\lambda}\underline{9}p\lambda_{J}.\supset\ldots$ ,
$\langle p_{\lambda},p_{\mu}\rangle_{\mathrm{S}}$ $=$ per $(\langle p_{\lambda_{f}},p_{\mu_{\mathrm{J}}}\rangle_{\mathrm{s})}i_{\dot{j}}.=1\ldots.N:$ ( $\grave{7}\backslash \sqrt[\backslash ]{}\text{ }$ )
$=$
$\sum_{w\in S_{N}}\langle p\lambda_{w(}p1)\mu 1)_{\mathrm{S}}\langle p_{\backslash _{w(2}},)p_{\mu 2}\rangle_{\mathrm{s}\cdots\langle}p\lambda\eta\prime J(N)p_{\mu N}\rangle \mathrm{S}$
$=$ $\delta_{\lambda\ell_{1}}.z_{\backslash \prime}(j^{-}\iota(,\backslash )$
, $\lambda=$ $(\lambda_{1}, \lambda_{\mathit{2}\backslash }, \cdots, \lambda_{N})$ , $l(\lambda)=\#\{\lambda_{/}.\cdot\cdot|\lambda./\neq 0\}$ . , $\lambda=$
$(\lambda_{1}, \lambda_{\mathit{2}_{\mathit{1}}}\ldots.)=(1^{\gamma\iota_{1}},2’l_{2}., 3^{l\iota_{3}}, \ldots, N^{l}\iota_{N})$ ,
$\sim\lambda\sim=1^{n_{1}}?\iota 1!\cdot 2l\iota 2$ !$?l_{2}$ $\cdot:.3\gamma\iota\cdot:n_{3}\llcorner$ ! $\cdots \mathit{1}\mathrm{V}n_{N_{\uparrow?}\wedge^{\gamma}}$ !
.














operator” [12, 13, 14].
$D_{j}.= \frac{\mathrm{r}J}{\partial- x_{j}}.-\beta\sum\frac{1}{x\cdot-x_{k}}.(s_{\dot{j}}k-1)$ $(\dot{\gamma}=1, \ldots, N)$ . (9)
$k(\neq j)$ ’
$S_{N}$ , xl, . .. $\sqrt$






$[D_{i}, D_{/}.\cdot]=[x_{i}, X_{j}]=0$ ,
$s_{i.i-}.\iota_{J}\cdot=.\iota_{i^{S}i_{J}}.\cdot.$, $s_{i},X_{k}=Xks_{i_{J}}$
. $(k\neq i,j)$ ,
$s_{ij}D_{j}.=$ Di.si.j, $\llcorner\backslash _{i.j}^{-}D_{k}=D_{k^{\mathrm{q}}i_{J}}\underline{.}.\cdot$ $(k\neq i,j)$ , (10)
$[D_{i}, x_{j}]= \delta_{i},\cdot(1+/\mathit{3}\sum_{k(\neq i)}.\underline{\sigma}ik)-(1-\delta_{i_{\dot{J}}}.)/\overline{f}sij$ .
$D_{j}$ ,
$7 \ulcorner.;=X_{jj;}D=X.\frac{\partial}{\partial a_{j}}..-(j.\sum_{k(\neq j)}.\frac{x_{j}}{x_{j}-X\wedge}.(_{\dot{S}}jk$. $-1)$ $(j=1, \ldots, \mathit{1}\mathrm{V})$ .
, $\pi_{J}$. :
$[\pi_{i},J\mathrm{T},\cdot]=-\beta(\pi_{i}-\pi_{j})sij$
, $\pi_{j}$ , :
$I_{n}={\rm Res}(_{j1}. \sum_{=}^{\Lambda^{r}}\pi.\uparrow.)n$ $\Rightarrow$ $[I_{\gamma 1l’ n}I]=0$ .
, $/.R.eSt7^{\cdot}iCtio\uparrow?$ ” ${\rm Res} X$ , $X$
.
82




( $D_{\mathit{1}1^{f}}$ $?l$ )
, - . $D$ , $\mathrm{R}\mathrm{e}\mathrm{s}D$
;
${\rm Res} D={\rm Res}(_{11’\in} \sum_{l1}.D_{\mathrm{t}}w)5\neg\iota’=\iota\iota’\in\sum_{?\iota}D_{1v}S$
, $D$ .
, Sutherla,nd ,
$P_{\mathrm{S}}={\rm Res}(I_{1})$ , $H_{\mathrm{S}}$. $={\rm Res}(I_{2})$
.
(9) , Dunkl 1989 [12]. - ,
$\mathrm{p}\mathrm{o}1_{1,d}\gamma \mathrm{C}^{\backslash }\mathrm{h}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{k}_{\mathrm{o}\mathrm{S}[3}1$ ]
$i$




3.1 $\overline{H}_{\mathrm{S}}$ , Jack $\overline{H}_{\mathrm{S}}$
. , Jack (8)
2 .
4.1 Ruijsenaars ( Sutherland ) Macdonald




, $\mathrm{S}.\mathrm{N}.$.IVI. Ruijsenaars $[15]$. , Sutherland
. :’ $\cdot.\cdot$
.
$\cdot$ .. . . .
$H_{\mathrm{H}}$ $=$ $. \frac{c^{\mathit{2}}}{2}(S_{1}+s-1)$ ,
$s_{\pm 1}-$
.
$=$ $\ddot,\sum_{1=}^{\Lambda^{\gamma}}\prod_{k(\neq j)}(\frac{\mathrm{s}\mathrm{i}11[(_{\mathcal{Z}_{\dot{J}}}-\mathcal{Z}_{k}\mp \mathrm{i}\beta/C)/2]}{\mathrm{s}^{\backslash }\mathrm{i}\mathrm{n}[(z_{j}-zk)/2]})^{1/2}$
83
$\cross\exp(\pm\frac{\mathrm{i}}{c}\frac{\partial}{\partial z_{j}})k(\prod_{\neq j)}(\frac{\mathrm{S}^{\backslash }\mathrm{i}_{1}1[(zj-z_{k}\pm \mathrm{i}/\mathit{3}/c)/2]}{\mathrm{s}^{\backslash }\mathrm{i}\mathrm{n}[(_{\sim j}7-zk)/2]}.)^{1/2}$
, Poincare
. , $H_{\mathrm{R}}$
$P_{\mathrm{R}}= \frac{c}{2}.(S_{1}-_{f}-\mathrm{s}^{\urcorner}-1)$ , $B_{\mathrm{R}}=- \frac{1}{c}.\cdot\cdot.’\sum z/\cdot \mathit{1}=1\backslash r,\cdot$
, $H_{\mathrm{R}},$ $P_{\mathrm{R}},$ $B_{\mathrm{H}}$ .
$[H_{\mathrm{F}\{}, P_{\mathrm{H}}]=0_{\mathrm{H}}$. $[H_{\mathrm{H}}, B_{\mathrm{H}}]=\mathrm{i}P_{\mathrm{H}}$ , $[P_{\mathrm{H}}, B_{\mathrm{H}}]= \frac{\mathrm{i}}{c^{2}}H_{\mathrm{R}}$
, $carrow\infty$ , Sutherland Hamiltonian $H_{\mathrm{S}}$ .
$\lim_{\mathrm{c}arrow 1\supset \mathrm{O}}(H\mathrm{H}-Nc^{2}.)=.\frac{1}{2}H\mathrm{S}$ .
$l_{-\hat{\mathrm{b}}}’\pm 1$ $x_{j}=\mathrm{e}^{\mathrm{i}z_{J}},$ $q=\mathrm{e}^{-1/\mathrm{c}},$ $t=\mathrm{e}^{-\theta}-/c$ .
$S_{\pm 1}= \sum_{j=1k}^{\mathit{1}\backslash }.\prod_{)}r(\neq,.\cdot(\frac{t^{\pm 1}xj-\backslash Xk}{\iota x_{j}\prime-X_{k}})^{1/2}T,:j^{\}}.,\backslash \prod_{)}Jk(\neq,\cdot(\frac{t^{\mp 1}.x_{/}\cdot-.x_{k}}{x_{\dot{\uparrow}}-l_{\mathrm{A}}}...)^{1/2}$
. , $T_{c\mathit{1}\cdot \mathcal{I}J}$ q-shift operator .
$T_{J:\cdot-}()^{\backslash }fj\cdot.(x_{1\prime}\ldots. , x\cdot..X_{N}J’.,)=.f\cdot(x_{1,\ldots,q...\mathrm{V}}x_{J}.,., x_{\mathit{1}})$
,
$, \psi_{0}^{(\mathrm{R})}\propto\prod_{i\neq.|}.,\prod_{k\geq 0}(.\cdot.\cdot\frac{\mathrm{c}\prime\iota_{i}-c_{\mathit{1}^{k}\backslash }L_{/}}{\backslash x_{i}-tq^{k_{X_{j}}}}.\cdot.$
.
$)^{1/\mathit{2}}$
. $s_{\pm 1}$ $\psi_{\mathrm{H}}.0$ ,
$(\cdot\{l^{(}))\mathrm{o}\mathrm{R})-1\mathrm{o}S_{\pm 1}\mathrm{o}.\mathrm{l}\mathit{1}_{J})\mathrm{U}(\mathrm{R})=t^{\mp \mathrm{t}N1}-)/\mathit{2}\overline{M}(q^{\pm 1}, f.)\pm 1$
. , $\overline{M}(q, ’.)$ Macdona,ld T $[9, 10]$ .
$\mathit{1}\overline{\mathrm{t}/I}(q, \dagger \text{ })=\sum_{j=1}^{\mathit{1}\backslash }\gamma k.(\prod..\cdot.\cdot\frac{ta_{/}-\mathrm{t}\mathrm{t}\prime.k}{\backslash \iota_{j}-\backslash \iota_{\mathrm{A}}}\neq j).\cdot.\cdot.\tau(J^{j}..,\mathrm{J}^{\cdot}$




Macdonald $P_{\lambda}(x)$ , $\overline{M}(q, t)$ .
:





$=$ $t^{N-1}q^{\lambda_{1}}+t^{N-2}q’ t^{N-}\text{ }q^{\lambda_{3}}+\lambda_{\sim+}3...$ $+t_{-}q^{\lambda}N-1+(\mathit{1}^{\lambda_{p\backslash r}}$
Jack , (generic $q,$ $t$ )
.
, 2 .
$(.f, g)_{\mathrm{M}}$ $=$ $\oint$ . $f(X_{1}^{-1}, x_{2" N}^{-}1 \ldots 1x^{-})g(_{X}1, X2, \ldots, xN)\{\psi_{\mathrm{U}}^{(\mathrm{R}})(x)\}2.\prod^{\mathrm{v}}\frac{\mathrm{d}_{\backslash }\iota_{j}}{2\pi \mathrm{i}\backslash \iota.\cdot\prime}|J=1^{\cdot}$
’
$=$ $.f\cdot(x_{1}-1, x.-1\ldots, x^{-})2’ N1g(x1, X_{2,\ldots,N}X)\{?\mathit{1}^{)}0(\iota\{’(X)\}^{2}$
$p_{n}(\uparrow?=1,2, \ldots)$
$\langle p_{n\iota},$ $p, \chi)_{\mathrm{M}}=\prime n\frac{1-q^{J?\mathrm{t}}}{1-t_{}^{m}}.\delta_{r1l.n}$
. $\lambda=(\lambda_{1}, \lambda_{2}, \ldots)$ ,
$\langle p_{\lambda},p_{\mu})_{\mathrm{M}}$ $=$ per $((_{P\lambda_{i},p_{\mu_{g}}}\rangle_{\mathrm{M}})_{\dot{l}}\cdot\dot{J}^{=}1N:\ldots$
:
$=$ $\delta_{\lambda\mu^{\mathcal{Z}}\lambda}\prod_{j=1}\frac{1-c_{f^{\lambda_{j}}}}{1-t^{\lambda_{j}}}\iota\langle\lambda)$
2 $\mathit{1}\overline{\mathrm{W}}(q, t)$ :
$(f,$ $\mathit{1}\overline{\mathrm{t}ff}(q,t)g)_{\mathrm{M}}=(\overline{M}(q, t).f,g)_{\mathrm{M}}$ , $\langle.f\cdot, \mathit{1}\overline{\mathrm{W}}(q, t\text{ })g)_{\mathrm{M}}=(\mathit{4}\overline{\mathcal{V}I}(q, t)\mathit{1}^{\cdot}, g\rangle_{\mathrm{M}}$
, Macdonald
.
Jack Macdonald $t=q^{\Gamma d}-.,$ $qarrow 1$ (
) . , 2 Jack ,
Macdonald Jack .
4.2 Jack










$[\underline{.}\sigma_{i_{:}i+}.\hat{\pi}_{k}1,]=0$ $(k\neq i, i+1)$ .
, ( $A_{N-1}$ root ) degenerate affine Hecke algebra,
[19] – .
$\hat{\pi}_{j}$. , $\mathrm{C}[x_{1}, \ldots, x_{N}]$ .
, $\lambda=(\lambda_{1}, \ldots, \lambda_{N})$ , $w$ , $=x_{\mathrm{t}1}^{\lambda_{1}},\cdots x_{l\mathrm{t}(\mathrm{A}^{\mathrm{r}}}^{\lambda}(1)fN)$
. $x_{1U}^{\lambda}$ ,
.
$(\mu, \cdot\iota v’)<(\lambda, w)$ $\Leftrightarrow$ $\{$
(i) $\mu<_{\mathrm{D}}\lambda$ ,
(ii) $\mu=\lambda$ $\omega/<_{\mathrm{B}}w$ .
$<_{\mathrm{B}}$ Bruhat order .
Bruhat order
,$\underline{\mathrm{s}}_{\mathit{1}\backslash r}^{\gamma}$ $w$ $s_{j}$ =( $j+1$ )($j$ $i+1$ )
, $l(w)$ . , $\mathrm{b}_{N}^{\gamma}$ $w,$ $w’$ , $<_{\mathrm{B}}$
.
$w<_{\mathrm{B}}\cdot\omega’$ $\Leftrightarrow$ $/(\cdot\omega)<l(,w’)$
$.\iota v’=S.i_{1}\ldots s_{i}?n.wsj1\ldots \mathrm{L}\sigma_{j_{n}}$
.
$s_{j_{1}},$ $\ldots,$ $s_{im’ j_{1}}S,$ $\ldots,$ $sj_{n}$
$\hat{\pi}_{j}$ , $\lambda$ $S_{N}$ $w$
. $\mathrm{c}$ $J_{\mathrm{t}\mathrm{t}}^{\lambda}f(X)$ . , Jack
.
$\ovalbox{\tt\small REJECT}$ , ( , )
Bernard [17] . , $\mathrm{O}_{\mathrm{P}}\mathrm{d}\mathrm{a}\ln$
. Bernard $A_{N-1}$ root
, Opdam [18] - ,
. ( ) –
.
Jack , Jack .
, $6_{N}^{\gamma}$ “longest elelnent”, $w_{0}(j)=\mathit{1}\mathrm{V}-j+1(j=1, \ldots, N)$ $w_{\mathrm{U}}$
, .
$\hat{\pi}_{\dot{j}}J_{\mathrm{L}L\prime}^{\lambda}(0^{\cdot}):1^{\cdot}=$ $\{.\lambda_{\Lambda}\mathrm{r}_{-.j+1}+\beta(j-1)\}J_{1U0}^{\lambda}(X)$ . (11)
86
$w\in 6_{\mathit{1}\backslash \gamma}^{\gamma}$ , {\epsilon .j(\mbox{\boldmath $\lambda$}, \mbox{\boldmath $\omega$})}./$\cdot$=l....: ,
( $\mathrm{f}^{\lambda_{\Lambda}}r-.;+1+\beta(j-1\mathrm{I}\}_{?}.\cdot=1:\ldots.\mathit{1}\backslash ^{\gamma}$ – .




. .\Gamma $\overline{H_{\mathrm{S}}.\sim}$ (7) .
, $\triangle_{\mathrm{S}}(v_{\ovalbox{\tt\small REJECT}})\wedge$
$\triangle_{\mathrm{S}},(U)=,\prod_{=1}(u+\hat{T}_{J}.)$
. $\hat{\pi}_{/}.\cdot$ , Jack . ,
,
.
$\triangle \mathrm{s}(u)J_{\lambda}(x)=,\prod\wedge..;.N=1^{\cdot}\{u,+.\lambda\grave{\Lambda}\gamma_{-J}\cdot+1+.. \beta(j-1.)\}\sim.\ell-\cdot J_{\lambda}(.’.\mathrm{t}\cdot)$ (12)
, (generic $\beta,$ $u$ )
. $\triangle \mathrm{s}(u)\wedge$ (8) .
Jack (8) .
5. Calogero





$|x_{j}-xk|^{\beta} \dot,\prod\exp \mathit{1}\backslash ^{\mathrm{r}}=1(-\frac{x^{2}}{\mathit{2}}‘.’.\cdot.)$
. Sutherland , $H_{\mathrm{C}}$ $\uparrow\beta_{0}^{()}\mathrm{c}$ .
$\overline{H}_{\mathrm{C}}$
$=$ $(’ \iota\beta_{0}^{(}))^{-}\mathrm{c}1_{\circ}H_{\mathrm{C}}\circ?\beta 0^{\mathrm{C}}-\frac{1}{2}\mathrm{f}()l\mathrm{v}+\beta N(N-\downarrow)\}$
$=$
$.’. \sum_{=1}^{r}X\mathit{1}\backslash H_{1}\mathrm{j}^{\frac{\partial}{\sim^{\partial\alpha_{J}}}}..\cdot-.\frac{1}{\mathit{2}},,.\frac{\{\frac{\partial^{2}}{\partial x^{2}}+\beta\sum_{\neq\prime k}\frac{1}{x_{J}-\iota_{k}}(\frac{\partial}{\partial.\iota_{j}}-\frac{\partial}{cJx_{k}}\mathrm{I}\}}{H\circ,\sim}..\cdot$.
$\overline{H}_{\mathrm{C}}$ , Euler operator $H_{1}$ $H_{2}$ 2
, . ,
. Baker Forrester




, $\overline{H}_{\mathrm{C}}$ $v_{\lambda\mu}$ .
$\phi_{\lambda}(x)$ – Hermite , $[20, 21]$ .
van $\mathrm{D}\mathrm{i}\mathrm{e}|\backslash \mathrm{e}\mathrm{n}$ , $q$- .
[22].
$\ovalbox{\tt\small REJECT}$ , ,
.
$A_{j} \dagger=\frac{1}{\sqrt{2}}(-D.;+X_{J}.)$ , $A_{j}.= \frac{1}{\sqrt{2}}(D_{\dot{j}}+..\iota_{j}.)$
, $A_{i}.\dagger,$ $A_{i}$. $x_{j},$ $D_{j}$ .
$[A_{i}\dagger, A_{j}\dagger]=[A_{i}., A_{/}.\cdot]=0$ ,
$\underline{.}\mathrm{s}_{ij}A_{j}\dagger=A_{i}\dagger_{S_{ij}}.$ , $s_{\mathrm{i}j}.A_{l}=A_{i}s_{i_{J}}\cdot$ ,
$s_{ij}A_{k}\dagger.=A_{k}\dagger..s_{ij}$ , $s_{ij}A_{k}=A_{k^{S}ij}$ $(k\neq i,j)$ , (14)
$[A_{i}, A. \uparrow];=\delta_{ij}(- 1+/\mathit{3}\sum_{)k(\neq i}sik)-(1-\delta_{ij})\beta s_{i}j$
,
$\overline{H}_{\mathrm{C}}’=.\frac{1}{2}\sum_{j=1}^{\mathit{1}\mathrm{v}}(A.’\uparrow.Aj+A./\cdot Aj\dagger)$
. - , H $\iota f_{J}^{\mathrm{t}}\mathrm{o}^{\mathrm{C})}$
,
$\prod_{j<k}|_{X_{j}}\sim.\cdot-X_{k}|^{-\beta}\mathrm{o}H\mathrm{c}^{\mathrm{o}}\prod j<k..|x_{j}-x_{k}|\kappa\theta$











$.l \int)\sim 0(\mathrm{C})(x)=j=\square \mathrm{e}\mathrm{x}\Lambda\gamma 1\mathrm{p}(-\frac{\mathrm{t}\iota_{/}^{2}}{2}..\cdot)$
. $\mathrm{t}\int_{0}.’(.\mathrm{t}\cdot)$ $A^{1},\cdot$ .- $A_{j^{1}}.\dagger\cdot\overline{l\prime}0(\mathrm{c})(\alpha\cdot)=0$
. ,
$[\overline{H}_{\mathrm{c}\prime}’.A.\dagger,\cdot]=A.\dagger,\cdot$ , $[\overline{H}_{\mathrm{C}}’, A_{/}.\cdot]=-A\dot,$
88
, . ,
monomial syinmetric functions ,
$\overline{m}_{\lambda}\dagger=m_{\lambda}(A,\dagger.)$ , $\overline{m}_{\lambda}=m_{\lambda}(A_{\mathrm{J}})$





$A\wedge’)g(A\dagger A|..A\dagger\perp..,\backslash ^{\mathrm{r}})1’ \mathit{2}’|\mathrm{o}\rangle_{\mathrm{C}}$
. , Jack ,
$J_{\lambda}(A_{1\prime 2}^{\cdot}\dagger.\cdot A\dagger, \ldots, A\dagger\Lambda^{\Gamma})’\iota\beta_{0}\dot{\mathrm{t}}\sim \mathrm{c})(X)$ (15)
[23]. , $\text{ _{ } }\psi_{\mathrm{U}}^{\mathrm{C})}$ .\tau Baker, Forrester
Hermite . , (13) (15)
.
$\mathrm{B}$aker Forrester , $(\perp 3)$ , Jacobi






$A_{j}$ ) (10) (14)
. , $A_{/}.\cdot\dagger$.
$,$
$A_{j},$ $s_{jk}$ $x_{j}$ , $D_{/}.\cdot,$ $s_{jk}$,
$A_{\mathrm{s}}$ :
$\rho(x"\cdot)=A.\dagger|.$ , $\rho(D_{j}.)=A\dot,$ , $\rho(s_{jk})=S_{\dot{j}}k$ .
, As-rnodule $F\mathrm{s},$ $\mathcal{F}\mathrm{c}$ .
$F_{\mathrm{S}},$
$=\mathbb{C}[_{X_{1}}, \iota.\mathrm{t}\cdot \mathit{2}, \ldots, \backslash ?.N]‘ \mathrm{t}\mathit{1}\sim)0(\mathrm{S})$ , $\cdot\psi_{)}^{\sim}\mathrm{o}^{\mathrm{S}}\mathrm{t}’)=1$
$\mathcal{F}_{\mathrm{c}}^{-},$



















$.=$ $\rho(^{\wedge}\triangle_{\mathrm{S}}(‘ u)\mathrm{I}=.\cdot\prod_{/=1}^{N}(\cdot u+h_{J}\cdot \mathrm{I}\wedge$ ,
$\wedge l\iota_{\dot{7}}$
. $=$ $\rho(\hat{\pi}_{j}.)=A_{j}.\dagger A_{j}+\beta\sum_{jk(<)}S_{k},.\cdot$
, (12) $\rho$ :
$\triangle/\mathrm{c}(\cdot \mathrm{t}/)J\lambda(A\wedge,\dagger)_{I\mathit{1}_{\dot{\mathrm{U}}}^{(}}..’ \mathrm{C})=.\cdot\prod_{1/=}^{\mathit{1}\backslash }\mathrm{f}u+\lambda_{\backslash \gamma},-j+1+\beta(j-1)\Gamma.\}]\lambda(A^{\uparrow)\cdot \mathrm{t}}\mathit{1}^{()})\mathrm{u}^{\mathrm{C}}$ .
, 42 , (15) .
5.3 $B_{\Lambda^{\gamma}}$ Calogero
Calogero $\mathrm{b}_{N}^{\gamma}$ , $A_{N-1}$ Weyl
. $B_{N}$ Weyl Calogero
.
[24, $25\mathrm{i}_{:}$
$H_{B}=. \frac{1}{2}.’.\sum^{\mathit{1}\backslash \Gamma}=1(-\frac{\partial^{\mathit{2}}}{\partial x^{2}}.’.\cdot+x_{/}.\underline{.)}.)+.’.\sum_{<k}\{.\frac{\beta(/\mathit{3}-.1)}{(x,\cdot-\backslash \iota_{k})2}.+\frac{\beta(\beta-1)}{(_{\backslash ?_{j}}+X_{k})^{\mathit{2}}}.\}+\sum_{=j1}^{f\backslash ^{\gamma}}\frac{\gamma’(\gamma./.-1)}{\iota^{2}}.’.\cdot$
, $f_{-}=j$ $B_{\mathrm{A}^{r}}$ Weyl ,
$t_{}jf(X1, \ldots, Xj, \ldots, \backslash 7jN)=.t\cdot(X1, \ldots, -x_{j\prime}\ldots. , x_{N})$
. , $(^{\gamma},\backslash r$
.
$.| \mathit{1}_{0^{B)}}^{(}.’(x_{1}, \ldots, X\mathit{1}\mathrm{V})=,\cdot\prod_{<k}$
.
$|: \iota_{j}.-x_{k}^{\mathit{2}}|\mathit{2}\beta.\uparrow.=\prod_{1}|x,\cdot|^{\gamma}\prod_{j=1}^{J}\exp \mathit{1}\backslash \gamma\backslash \Gamma(-\frac{x_{j}^{\mathit{2}}}{2},)$ .
.
$\ovalbox{\tt\small REJECT}^{B_{N}}$ Dunkl operator
$D_{j}^{(B)}$
. $=$ $\frac{\partial}{\partial x_{j}}+\gamma’,\cdot\sum_{=1}^{/}\frac{1}{x},\cdot(1\backslash \Gamma-f_{j},)$
$+ \beta.\sum_{\neq k(j)}\{.\frac{1}{x,\cdot-x_{k}}.(1-\vee \mathrm{S}.jk.)+\frac{1}{x_{j}+x_{k}}.(1-t_{/}.\cdot t_{k}-.\underline{.\mathrm{s}}..\cdot)/^{k}\}$
.







. $A_{N-1}$ , $\overline{H}_{B}$ .\acute $H_{B}$
:
${\rm Res}(\overline{H}_{B})$ $=$ $(\varphi^{l}0^{B})()-1\mathrm{o}H_{B}\circ(^{\{B}\varphi_{0}^{F}))$
$=$ $\frac{1}{2}\sum_{j=1}^{/\backslash \mathrm{r}}(-\frac{\partial^{2}}{\partial x_{?}^{2}}..\cdot+X^{2}.,\cdot-\cdot\frac{2_{7’}}{x_{j}}\frac{\partial}{\partial x_{/}}.\cdot.)-\beta\sum_{k\neq},\cdot\frac{1}{x_{j}^{\mathit{2}}-x_{k}2}..(x_{j}\frac{\partial}{\partial x_{/}}.\cdot-.1^{\cdot}k.\frac{\partial}{(J_{\backslash }\iota_{k}}.)\cdot(16)$
, $\phi_{0}^{(B)}$ : . .
$\phi^{(}\mathrm{o}^{B)\cdot\beta}(X1, \ldots, XN)=\dot,\prod_{\sim,<k}|X_{j}-2|X_{\wedge^{2}}.j\prod_{=1}’.|X\mathrm{A}.j|^{\gamma}$.
, $H_{B}$ , .
,
[26]:
$J_{\lambda}((A_{1}^{1})^{2}/‘ 2,$ . . $,$ $,$ $(A_{\mathit{1}\mathrm{V}}\dagger)^{2}/2)|0\rangle_{\mathrm{C}}=$ ( $N$ ) $\mathrm{x}$ ( ) (17)
, $=$ . $J_{/}\iota.\cdot$
, $\varphi_{\lambda}(\cdot.|/)$ $H_{B}’=( \cdot\iota\int))\mathrm{o}^{B)(}B\mathrm{O}-1\iota(\mathrm{o}H\cdot \mathit{1})\dot{\mathrm{u}}^{B)}$
,
$H_{B}’$ $=$ $(\cdot\iota \mathit{1}_{\mathrm{U}}^{\backslash \cup}’ l)^{-}\perp H_{B}\mathrm{o}’|0\mathit{1}_{0^{-\prime}}^{\backslash }.$’
$= \bigwedge_{\mathrm{r}}\Gamma$ ( $\partial^{2}$
‘
$(1 \mathfrak{l} \backslash \partial)$
$.\mathrm{t}\mathit{0}=$ $yj$
$\partial$
$=$ $-2 \sum_{=j1}^{J\backslash }\{y_{j^{\frac{\mathit{0}^{z}}{\partial y_{j}^{2}}+}}.(.\frac{1}{2}+\gamma-\mathrm{l}Jj)\frac{C’}{\partial_{/\dot{J}}1}.\}-4\beta\sum_{\iota j\neq}\frac{yj}{/\iota,\cdot-y_{k}}\frac{y}{\partial_{J}1}(,\cdot$ (18)
. $N=1$ , :
$(y \frac{\mathrm{c}1^{2}}{\mathrm{c}1\cdot \mathrm{i}J^{2}}+(.\frac{1}{2}+\gamma-y)\frac{\mathrm{d}}{\mathrm{d}_{1/}}+7l\mathrm{I}\cdot t.n(y)=0$ .




, rational Calogero ,









. $\perp^{-}/r^{\mathit{2}}$ , (degenerate) affine Hecke $\backslash f\mathrm{i}1^{\cdot}\mathrm{a}s$ oro
,
. Appendix 2 , Bergshoeff Vasiliev Dunkl
Virasoro , .
Appendices
Appendix 1: Sutherland –
3. \mbox{\boldmath $\delta$} , $x_{/}.\cdot$. .
, .
Proposition:
Jack $J_{\lambda}(x)$ .\acute ( $x_{1}\cdots x_{\Lambda^{r}}\mathrm{I}^{k}J\lambda(X)(k\in \mathbb{Z})$ (6) $H_{\mathrm{S}}$
.
:
$(X_{1}\cdots X_{N})-k\overline{H}_{\mathrm{b}},$$\mathrm{o}\mathrm{O}(X1\ldots XN)k\overline{H}=s+\mathit{4}\mathrm{V}k.22+k.’.\sum_{=1}^{\mathrm{T}}\backslash \iota_{j}\frac{\partial}{\partial_{\backslash }\tau}\mathit{1}\backslash ...,\cdot$




. , Jack .
Appendix2: Dunkl operator Virasoro
Dunkl operator (9) Virasoro [27].








$[L_{7\}}, L,] \iota 1=(_{7\eta-n})L_{\eta}l+\prime l+\cdot.\frac{m^{3}-r\}?}{12}.\delta cn\iota_{:}-7\iota$
.
$c\cdot=0$ . . $\beta=0$ ,
$\mathrm{d}$
$L_{n}=-z71+1\overline{\mathrm{C}1z}$
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